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2.1

Sequence And Series

INTRODUCTION:
A succession of numbers ty, t5,.....tn formed according to some
definite rule is called sequence. “A sequence is a function of
natural numbers with codomain as the set of Real numbers or
complex numbers”

Domain of sequence = N

If Range of sequence - R = Real sequence

If Range of sequence - C = Complex sequence

Sequence is called finite or infinite depending upon its having
number of terms as finite or infinite respectively.

Ex. :2,3,5,7, 11, .. is a sequence of prime numbers. It is an
infinite sequence.

A progression is a sequence having its terms in a definite pattern.
Ex.: 1, 4, 9, 16, ... is a progression as each successive term is
obtained by squaring the next natural number.

However, a sequence may not always have an explicit formula of
nt term.

Series is constructed by adding or subtracting the terms of a
sequence

ExX.2+4+6+8+ ... ;

The term at n™ place is denoted by T, and is called general term of a sequence or progression or series.
Progression can be classified into 5 parts as-

(i) Arithmetic Progression (A.P.)
(ii) Geometric Progression (G.P.)
(iii) Harmonic Progression (H.P.)

(iv) Arithmetic Geometric Progression (A.G.P.)

(v) Miscellaneous Progression

ARITHMETIC PROGRESSION (A.P.)

Arithmetic Progression is defined as a series in which difference between any two consecutive terms is
constant throughout the series. This constant difference is called common difference. If ‘a’ is the first term
and ‘d’ is the common difference, then an A.P. can be writtenasa + (a+ d) + (a+ 2d) + (a + 3d) + ......

General term/n*" term/Last term of A.P. :
Itis givenby Tho=a+(n—1)d
Where a = first term, d = common difference and n = position of the term which we require.

Note: (i) Ifd>0 = Increasing A.P.
Ifd<0 = Decreasing A.P.
ifd=0 = All the term remains same

(ii) nth term from end is given by
=Tm —(n—1)d
or =(m-n+1)" term from beginning, where m is total no. of terms.




SEQUENCE AND SERIES

2.2

Sum of n terms of an A.P.

The sum of first n terms of an A.P. is given by

Sn=

Note: (i)

Xt )=

2.3

(3)

(ii)

(iii)

& DETECTIVE MIND A
» Sum of n terms of an A.P. is of the form An?+ Bn i.e. a quadratic expression in n, in such
case the common difference is twice the coefficient of n2. i.e. 2A
> n' term of an A.P. is of the form An + B i.e. a linear expression in n, in such a case the
coefficient of n is the common difference of the A.P.i.e. A )

v

2 [2a+(n-1)d]  or  Sn= 2 [a+Ta]

If sum of first n terms S, of a sequence is given then general term T, = S, — Sn-1, where S,-1 is sum of
first (n—1) terms of A.P.

Common difference of A.P. is given by d =S, —2S; where S; is sum of first two terms and S; is sum of
first term or first term of an A.P.

The sum of infinite terms of an A.P. is o if d >0 and — o0 if d< 0.

Highlights of an A.P. :

(i)
(i)
(iii)

(iv)

(v)

(vi)

The first term and common difference can be zero, positive or negative (or any complex number.)
Ifa,b,carein AP. =>2b=a+c&ifa,b,c,dareinAP. = a+d=b+c.

Three numbers in A.P. can be taken asa—d, a, a+d.

Four numbers in A.P. can be takenas a—3d,a—d,a+d, a+3d.

Five numbersin A.P. area—2d,a—d, a,a+d,a+2d;

sixtermsin A.P. area—5d, a—3d, a—d, a+d, a+3d, a+5d etc.

The sum of the terms of an A.P. equidistant from the beginning & end is constant and equal to the
sum of first & last terms.

Any term of an A.P. (except the first) is equal to half the sum of terms which are equidistant from it.

1
an = % (an-k+ an+k); k< n. For k = 11 an = (Ej (an-1+ a”+1);

1
Fork=2,an= (Ej (an-2+ an+2) and so on.

If each term of an A.P. is increased, decreased, multiplied or divided by the same non-zero number,
then the resulting sequence is also an A.P.

(vii) The sum and difference of corresponding terms of two A.P.'s is an A.P.

Arithmetic Mean (A.M.)

If three or more than three terms are in A.P., then the numbers lying between first and last term are known
as Arithmetic Means between them. i.e. The A.M. between the two given quantities a and b is A, so that 3,
A, barein A.P.
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+
i.e.A—a=b—A:A=%

Note: A.M. of any n positive numbers as, a; ...... an is

n AM’s between two given numbers

If in between two numbers ‘a’ and ‘b’ we have to insert n AM, Ay, A, .....Ar then a, Ay, Ay, As....An, b will be
in A.P. The series consist of (n+2) terms and the last term is b and first term is a.

= a+(n+2-1)d=>b

Ai=a+d,A;=a+2d,....An=a+nd orA,=b—-d

“‘ DETECTIVE MIND
» Sum of n AM’s inserted between a and b is equal to n times the single AM between a and

n a+b
bie. > A =nA where A= -

r=1

SOLVED EXAMPLES

Example: 1 Inan A.P. ifa, + as—asz=10and a, + as = 17 then find the 1°' term and the common difference.

Solution: Inan A.P.
Let a; = first term & d = common difference
atas—az=10
an+d+ar+4d—(a;+2d)=10
a;+3d=10 ..(i)
atas=17
ai+d+a;+8d=17
2a;+9d =17 ..(ii)
On solving (i) & (ii) we get
a;=13 d=-1

Example: 2 The first term of an A.P. is 5, the last is 45 and the sum is 400. Find the number of terms and the
common difference.

Solution: a=5, (=45

Let common difference = d
a+(n-1)d=45
Sn =400

n
—[a+(]=400
]

2[5+45]=400
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Example: 3
Solution:

Example: 4

Solution:

Example: 5
Solution:

n=16
a+(n—1)d=45
5+ 15d =45
8
d=-
3

Solve the equation (x + 1) + (x +4) + (x + 7) + ... ... +(x+28) =155.
We have, (x + 1) + (x +4) + ... ... +(x +28) =155

x+28=(x+1)+(n-1)(3)

Let n be the number of terms in the A.P. on L.H.S. Then,
=>n=10

(x+1)+ (x+4) + ... ... +(x +28) = 155
10
= 1 28) =1

= 5 [(x+ )+(x+ 8)] 55

= x=1

1 2
How many terms of the sequence, 20 + 195 + 18§+ .......... must be taken so that there sum is 300.
Explain the reason of double answer.

1 2
20+19- +18—+..........
3 3
a=20, d=—

S, = 2[2a +(n—1)d]

]

300 = 20n —@

n>—61n+900=0

n=25,36

We got two values of n because when n = 25, all terms will be positive but when n =36, terms will
become negative.

The sum of n terms of two A.P.’s are in the ratio of 7n + 1 : 4n + 27, find the ratio of their 11" terms
Let the two series be a3, a1 + dy, a1 + 2d; ....... & @, a2+ dp, ax + 2d, ... ...

s, =2[2a1 +(n-1)d, ]

n
S, =E[2a2 +(n—1)d, |,
.S n+1

=1
s, 4n+27

2a,+(n-1)d, 7n+1

2a, +(n-1)d, 4n+27

() KGS
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n—1
a, + d;
2 _ 7n+1
n—1 4n+27
a, + ? d,

STuu=a+ 10d

-1
So, to find ratio of 11™ term we should Put (n-1) =10

=>n=21
s, a+10d, 7(21)+1 4
s, a+l0d, 4(21)+27 3
Example: 6 The sum of first 3 terms of an A.P. is 27 and the sum of their squares is 293. Find absolute value
fo 515.
Solution: Let the terms be
a—-d,a,a+d
3a=27
a=9
(a—d)*+a’+(a+d)*=293
332 +2d?=293
2d’ =50
d=+5
When d =5then A.P.is 4,9, 14, ..........

15
Si5 = 7[2X4+14X5]=585
When d =-5then A.P.is14, 9, 4,..........
15
Si5 = ? [2 x 14 + 14X(—5)] =-315

|S.s| =315.

Example: 7 Find the nature and 30™ term of the sequence whose sum to n terms is 5n? + 2n.
Solution: Sn=5n%+2n

Sn1=5(n—=1)*+2(n-1)

Tn=S"—S-1=5(2n-1)+2=10n-3

Series=7,17,27,37 ......

Series is A.P.

T30=10x30-3 =297.

Example: 8 If a2, b2, c? are in A.P. then prove that

L1 1 1 a b c
() —,——,—— areinA.P. (i) —,——,—— areinA.P.
b+c c+a a+b b+c c+a a+b

. . 1 1 1
Solution: (i) Let ——,——,—— areinA.P.
b+c'c+a a+b

2 1 N 1
c+a a+b b+c
2@+b)(b+c)=(c+a)(2b+a+c)
2b%=a% + c?
Hence, a%, b?, c?arein A.P.
So if a2, b?, c?arein A.P., then

g@ KGS
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Example: 9

Solution:

Example: 10

Solution:

Example: 11
Solution:

Example: 12

Solution:

1 1 1
—,——,—— areinA.P.
b+c'c+a a+b
.. 5 1 1 1
(i) Ifa% b% c?areinA.P.then —,——,—— arein A.P.

b+c c+a a+b
Multiply each term witha+ b +¢
a+b+c a+b+c a+b+c
b+c ' c+a ~ a+b
Subtract 1 from each term

a b c
—,——,—— arein A.P.
b+c'c+a’a+b

Insert 20 AM’s between 4 and 67.
a=4,b=67,n=20, ad 674 _
n+1 21
Ai=a+d=4+3=7
A;=a+2d=4+6=10
A; =13, A,=16
Ay =a+20d=4+20x3 =64.
So, required solution 4, 7, 10, 13, 16, ......... 67.

If p arithmetic means are inserted between 5 and 41 so that the ratio =3 — 2 then find the value of p.
5

p—1
a =5, b =41, number of arithmetic means = p
b—a 36

n+1 p+1

d=

1
A3:a+3d:5+3[ 36 ]:5p+5+ 08

p+1 p+1

A, =41-2d=41- 2( 36] TER

p+1 p+1
Now giveni:_jwzg
.. 5 41p-31 5

25p +565=82p—62 =p=11
If eleven A.M.’s are inserted between 28 and 10, then find the number of integral A.M.’s.
Assume Ay, Ay, Az ...... ,A11 be the eleven A.M.’s between 28 and 10, so 28, Ay, A, ...... Ai;, 10 areiin
A.P. Let d be the common difference of the A.P. The number of terms in 13. Now,

b a_ 10- 28

n+1 11+1

—, Hence, the number of integral A.M.’s is 5.

If sum of n, 2n, 3n terms of an A.P. are Si, S5, Ss, respectively, then find the value of

-S
2 1
Let a be the first term and d be the common difference of the given A.P. Then, sum of n terms is

() KGS

==%- NEET|JEE



MATHEMATICS

5= 2[2a+(n—1)d}
Sum of 2n terms,
2
S; = Sum of 2n terms = ?n[23+(2n—1)d]
Sum of 3n terms,
S3= ?[2a+(3n—1)d]
Now, S,-S;= E[Za+(2n—1)d]—n[2a+(n—1)d]
’ 2 2

- 2[2{2a+(zn—1)d}—{2a+(n—1)}d] = 2[2“(3”—1)0']

3(52— 51) = ? [23 + (3n N 1)d] =S3

2
Example: 13  The numberst (t2 + 1), —% and 6 are three consecutive terms of an A.P. If t be real, then find the

the next two term of A.P.
Solution: By using2b=a+c
—t2=t3+t+6
or B+t2+t+6=0
or (t+2)(t>—-t+3)=0
t?-t+3#0> t=-2
the given numbers are—10,—-2, 6
which are in an A.P. with d = 8. The next two numbers are 14, 22

5
Example: 14  If a3, a3, a3, ag, as are in A.P. with common difference # 0, then find the value szai , When

i=1
ds = 2.
Solution: As aj, ay, a3, a4, as are in A.P., we have a; + as = a; + a4 = 2as.

5
Hence zai =2a3+2as+az=5a3;=10

i=1

1=
Example: 15 Ifa(b +c), b(c + a), c(a + b) are in A.P., prove that - , b’ are also in A.P.

1
a c

Solution: .+ a(b+c),b(c+a),cla+b)arein AP,

subtract ab + bc + ca from each
= —bc,—ca,—abareinA.P.
divide by —abc,
1

11 .
-,—,—arein A.P.
a b ¢

() KGS
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+b b+ 1 1
Example: 16  If a , b, ¢ are in A.P. then prove that - ,b - arein A.P.
1-ab 1-bc a C
Solution: a+h , b, b+c arein A.P.
1-ab 1-bc
2 2
b atb _ b+c L . —a(b +1) . c(1+b)
1-ab 1-bc 1-ab ~ 1-bc

= —a+abc=c—-abc
= a+c=2abc

divide by ac,

1 1 1 1
—+—=2b = -,b, - areinA.P.
c a a C

Example: 17 Ifa, b, c, d, e fare A. M’s between 2 and 12, thenfinda+b+c+d+e +f.

2+12)

6
Solution: Sum of A.M.* = 6 single A.M. = =42

OO
4. GEOMETRIC PROGRESSION (G.P.) :

In a sequence, if each term (except the first non zero term) bears the same constant ratio with its
immediately preceding term then the series is called a G.P. and the constant ratio is called the common
ratio.

Standard appearance of a G.P. is

a,ar,ar?, ar®, ... ,ar™,

4.1 General term/n" term/Last term of G.P. :
It is given by T, = a.r"?
Where a = first term, r = common ratio and n = position of the term which we required.

4.2 Sum of n terms of a G.P.
The sum of first n terms of an A.P. is given by

Sp = all-r ), whenr<1
1-r
or Sn= alr _1),when r>1
r-1
and S, =an whenr=1

4.3 Sum of an infinite G.P.

() KGS
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The sum of an infinite G.P. with first term ‘a’ and common ratio r' (-1<r<1lie. | r | <1)is Seo =

a

1-r
Note: Ifr>1thenS,—

4.4 Highlights of G.P. :

. . a
(i) Any 3 consecutive terms of a GP can be taken as -, a, ar.
r

d
a7
r3

any 4 consecutive terms of a GP can be taken as ,ar,ar’ & soon.

= | ®»

(ii) In afinite G.P. the product of the terms equidistant from the beginning and the end are equal.

3,8, =3,3,_; =333,_, =.eueene
(iii) Ifa, b, carein GP = b?= ac.
(iv) If each term of a G.P. be multiplied or divided or raised to power by the same non—zero quantity, the

resulting sequence is also a G.P..

(v) Ifay, az, as,....... and by, by, bs,......... are two G.P’s with common ratio r; and r; respectively, then the
sequence aibs, a;bs, asbs, ..... is also a G.P. with common ratio ry r».

(vi) Ifay, az, @s,eeuee..... are in G.P. where each a; > 0, then log a;, loga,, logas,.......... are in A.P. and its converse
is also true.

5. GEOMETRIC MEAN (G.M.) :
If three or more than three terms are in G.P. then all the numbers lying between first and last term are
called Geometrical Means between them. i.e.
If the G.M. between two given quantities a and b is G, then a, G, b, are in G.P.

G b
jie. —= E:Gzzab: G = +Jab
a

Note: (i) G.M. of any n positive numbers
ai, Az, a3, ..... an is (a1.@2.@3.....an) ",
(i) If aand b are two numbers of opposite signs, then GM between them does not exist.

n GM’s between two given numbers
If in between two numbers ‘a’ and ‘b’, we have to insert n GM Gy, G,....G, then a, Gy, Gy, .... G, b will be in
GP. The series consist of (n+2) terms and the last term is b and first term is a.

= ar"¥l=p :>r=[9]n+1
a
Gi=ar,Gy=ar’...... Gn=ar"or G,=b/r
A ?
%’y DETECTIVE MIND

. Product of n GM’s inserted between ‘a’ and ‘b’ is equal to n" power of the single GM
between ‘a’ and ‘b’

i.e. ]_[ G, =(G)", where G =+Jab
r=1

SOLVED EXAMPLES

() KGS
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Example: 18

Solution:

Example: 19

Solution:

Example: 20
Solution:

Example: 21
Solution:

1
InaG.P.ifts=2and tg = —Z find t1o.

1 ) 5 1
t3=2, te= —— = ar’=2,ar’=—-
4 4
1 1
—32—8 = -=-2
r r
-1
r= — j—l a=8
2
9
-1 -1
tio= 9:8 — | =—
1o=ar (2] 64

Find the four successive terms of a G.P. of which the 2" term is smaller than the first by 35 and
the 3™ term is larger than the 4" by 560.

Let the four terms be

a, ar, ar?, ar®

a—ar=35
ar?—ar® =560
a(1-r) 35

ar’(1-r) 560

=16 2N r=.4
35 35

Since 2™ term is less than 1'sor=—4 =>a= —=—"=7
1-r 1+4

terms are 7, -28, 112, -448

If p, g'" and r*" terms of a G.P. are x, y and z respectively then find the value of x". y™® . z° -9,
Let a and k be the first term and common ratio of the G.P. respectively.

x=akP?

y=aki?

z=ak™

X3y P

— X q. Y r' 4 P_ p—r\9 (La—p \ [Lr-a\P _ |Pa-ar+tar—rp+rp—pq _ 1,0 _
(2] (4] (2] = e ypeeyey - <=1
Determine the number of termsin'a G.P. if a; =3, a, =96 and S, = 189.
a1=3

arrmt=96

r1=32

legg
1-r 1-r

93r=186

r=2

21 =32

() KGS
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n=6
Example: 22 Find the least value of n(neN) for which sum of the series 1 + 3 + 324334+ upto n terms
exceeds 9000.
Solution: Sh=1+3+3%2+.... +nterm
1-(3"-1)
S, = ——>9000

3"-1>18000, 3" > 18001
n>=9
Least value of n = 9.

Example: 23  The sum of an infinite number of terms of a G.P. is 15 and the sum of their squares is 45. Find the
series.
Solution: atar+ar’+ar’+... =15

=15 (i)

—45 (i)

—~~
=
|
=
e
N
N
Ul
[
|
-

=
|
=
N
Il
N
N
9]
[y
+
-
1
vl

Example: 24 lfx=a+2+ iz +....00,y=b—b/r+b/rX— ... wandz=c+c/rP+c/r*+.... oo, then prove that

Solution: We have,

() KGS
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abr?
Xy _|r2-1|_ab
z cr’ c

r2-1

Example: 25 The sum of first 3 consecutive terms of a G.P. is 19 and their product is 216. Find S, also compute
S« if it exist.
Solution: Let the 3 consecutive terms be

a
-,a,ar
r
a
S.—+a+ar=19
r

and E-a-ar=216
r

= a’=216
=a=6
6
. -+6+6r=19
r
6(1+r+r?)=19r
6r’—13r+6=0
(3r=2)(2r-3)=0
2 3
r=—,—
32

3 3 20
When r=E,S20 =8K§) —1} and S_ does not exist.

2 < 9
Whenr= -, S, =27 1_(3j and S, =——=27,
3 3 1_3
3

Example: 26  If a, = n" term of G.P. and
ai+a;+as=13and al +a’ +aj =91 then find aso.

Solution: Given,

a
ap+a+asz=13,letai=-,a,=3,asz=ar
r

a
- +a+ar=13 = a(1+1+rj=13
r r
1 13
+—=—-1
r a
1 13-a
r+-—= I ¢ )
r a

() KGS
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2
1 13-
r2+—2+2:[ aj
r a

Now given
a’+a;+a; =91

a2(1+1+r2j=91
rZ

az[@—q:m

a

(13-a) —a"=91 =  13-26a=91
26a =169 - 91 = e 12050
a=3

= 3r2+3=10r (Using (1))
3rr-9r-r+3=0

1
r=3, -

3

When a =3 and r = 3 then asp = 3-3 =3,

49 48

And wh 3and 1h a;, =3 1 1
- =7t = o — =| — .

nad when a andr 3 en dgg 3 3

Example: 27  Use infinite series to compute the rational number corresponding to 0.423
Solution: x = 0.423
=0.4+0.023 + 0.00023 +.......
23 23 23
=04+ —3+—5+—7+
10° 10° 10

4 23 . 1
= —+—3 1+—2+—4+ ......
10 10 10° 10

4 23 1
1010°| 1-1
1= 7100
4 23 419
X= —+—=—
10 990 990
Example: 28 Insert 4 GM’s between 5 and 160.

1 1
Solution: r= [Ej"“ =(@)5 = (32)% =2
a 5
Gi=ar=10
G;=20
G3=40
Gs=80

Example: 29  If AM between two positive numbers aand b is 15 and GM between a and b is 9. Find the numbers.

] a+b
Solution: ;. — =15, a+b=30

2
and \/%=9

() KGS
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= ,/a(30-a) =9

= a(30-a)=81

= a’-30a+81=0

= a=3,27, Hencetwo nos.are 3, 27.

Example: 30  If the 10™, 15™, 25" terms of an A.P. are in G.P. then find the common ratio of the G.P.

Solution: Let the first term and common ratio of the AP be a and d respectively.
Tio=a+ 9d, Tis=a+ 14d, Tys = a + 24d.
R= s _Tos
T. T.

10 15

a+14d a+24d a+14d-a-24d
a+9d a+14d a+9d—a—-14d

1
Example: 31  The n' term of the series 3, \/5 ,1, - is % , then find n.
n-1
. 1 1
Solution: 3)—=| =——=n=13
B 243

Example: 32  The first term of an infinite G.P. is 1 and any term is equal to the sum of all the succeeding terms.
Find the series.

Solution: Letthe G.P.be 1,r, 1% 13 .........
, . r 1
given condition = r= = r=-,
1-r 2
L 1 1 1
Hence seriesis 1, =, =, =, ccoeeeerrnnnn. 0
2 48

Example: 33  Let three numbers form an increasing G.P. If the middle number is doubled, then the new
numbers are in A.P. The common ratio of G.P. is :

. [ a
Solution: Three number in G.P. are -, a, ar
r

a . :
then -, 2a, ar are in A.P. as given.
r

2(2a)=a (r+%j

= r’—4r+1=0 or r=2+3
or r=2+ \/5 as r > 1 for an increasing G.P.

OO
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6. HARMONIC PROGRESSION (H.P.)
A sequence is said to be in H.P if the reciprocals of its terms are in A.P.. If the sequence aj, ay, as,...., an is in

1 1 1
H.P.then —, —,...., — isin A.P.
a; 9, a,
Note : (i) Here we do not have the formula for the sum of the n terms of an H.P For H.P. whose first term is
a and second term is b, the n" term is t, = L.
b+ (n-1)(a—b)
(ii) Ifa,b,careinH.P.= b= 2ac o, 2_a-b
a+c c b-—c
a-b a
(iii) Ifa,b,careinAP.=> — = -
b-c a
. . a-b a
(iv) Ifa,b,careinG.P.=> — =-
b-c b

7. HARMONIC MEAN (H.M.):

2ac
Ifa, b, carein H.P., b is called as the H.M. between a & ¢, thenb= —
atc
Ifas, az, ........ an are ‘n’ non-zero numbers then H.M. 'H' of these numbers is given by
1 111 1 1
-—= - | —+ —+....... B —
H nla, a a,

8 RELATION BETWEEN A.M., G.M. & H.M.
A, G, H are AM, GM and HM respectively between two numbers ‘a’ and ‘b’ then

+b 2ab
A="7,G=ab,H= "

a+b
2
. . a+b (\E‘\/E)
(i) ConsiderA-G-= A ab = fzo
SoA=>G
Inthe ssmewayG >H = A>G>H
a+b 2ab
(i) ConsiderAH= —.—=ab=G? = G?=A.H.
2 a+b

SOLVED EXAMPLES

Example:34 Ifx>0,y>0,z>0then provethat (x +y) (y +z) (z+x) > 8xyz
Solution: (x+y)(y+2)(z+x)

X+
- Y> oy (AM.>GM.)

(x+y)(y+2)(z+x)
8
(x+y)(y+2z)(z+x) = 8xy

> Xyz
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Example: 35

Solution:

Example: 36

Solution:

Example: 37

Solution:

Example: 38

Solution:

10 4
Ifa+b+c=3anda,b, care positive then prove that a?b3c? < %
a+b+c=3
We can write it as
a ab b b c
— ===
2 2 3 3 32
Now A.M. > G.M.

a b b c ¢ 1 1
+§+E+E> iﬁi ﬁ . §> azbacz A

- = 4 3

427 4 7 (2°x3

+-=3

c
2

a
2 2 3

+
N|jw|oT

3
- b 1+ 5
If a, b, c are positive real number then prove that 2 sy aa

8> 2a 4

Applying AM. > G.M.

£+L+i+i+i 2 % 3
4b 8 2a 4a 4a (@ b 1 (c = E_+£%+E“F£2§
5 4b 8c* 2a \4a 4b 8c® 2a 2a 4

If mt™" term of an H.P. is n, and n'" term is equal to m then prove that (m + n)* term is

1 1
m®" term of A.P. = - = a+(m-1)d=-
n n
th 1 1
n"termof AP.= — = a+(n-1)d= —
m m
1 1
= d=—,a= —
mn mn
1 1
(m+n)"termof AP. =a+(m+n —1)d= — +(m+n-1) —= m+n
mn mn  mn
: mn
.. required Tmen = .
m+n
b+a b+c
If a, b, c are in HP, find the value of —+——.
b-a b-c
a, b, carein HP, then
11 .
—,—,— arein A.P.
abc
1,111
S= b+a+b+c:a b,c b
b-a b-c 1 1 11
a b c b
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11 11
Let ———=———=
a b b c
1 1 11 1 1
G ) (Y
g \2 b c b _\a c¢)_2d_,
d d d

Example:39  Ifa? b% c?arein A.P. showthatb+c,c+a,a+bareinH.P.
Solution: a%, b? c?arein A.P.

Let b+c, c+a, a+bareinH.P.
1 1 1 .
Then ——,——,—— areinA.P.
b+c c+a a+b
2 1 1
+

c+a b+c a+b

2(d+b)(b+c)=(2b+a+c)(a+c)

2b%=a% + ¢?

Hence a2, b?, c?are in A.P.

So, if a%, b?, c?arein A.P.thenb +c,c+a,a+bareinH.P.

Example:40 If 22X _27Y_372 Sqp q,rarein A.P. then prove that x, y, z are in H.P.
pXx qy rz
Solution: Let 22X_37V_372 _y
px aqy rz
a—x a— a-z
p=—",49= _y/ r=g—
X y kz

d d a
2l —-1|=——1+—--1
y X z
22 a a 2 1 1
_:_+_' — SR N
Y X zZ Yy X z

Hence x,y, zare in H.P.

Example: 41 If 3, b, ¢, d be four distinct positive quantities in H.P., then show that
(QJa+d>b+c (b) ad > bc.

Solution: .. a,b,c,darein H.P.
(@) - AM.>H.M.

a+c
For first three terms T>b (i)

b+d
And for last three terms, T>c .. (ii)

From (i) and (ii)
a+c+b+d>2b+2c
= a+d>b+c

(b) Again G.M. > H.M.

For first three terms, E >b
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SEQUENCE AND SERIES

= ac>b? (i)
And for last three terms \/ﬁ> c
= hd>c? (i)

From (i) and (ii)
(ac) (bd) > b?c? = ad > bc.

1 1
Example: 42 The 7th term of a H.P. is Eand 12th termis E , find the 20th term of H.P.

Solution: Let a be the first term and d be the common difference of corresponding A.P.
a+6d=10
a+11d=25
5d =15
d=3,a=-8
Tp=a+19d =—8+19x3 =49

1
20term of H.P.= —
49

3 3
Example: 43 Insert 4 H.M betweeni and TS
Solution: Let 'd' be the common difference of corresponding A.P..
£>
so d= T ENE 1.
5
4 7 3
I or Hi= -
H, 3 3 7
1 4 10 3
— = -+ 2 = — or HZ = =
H, 3 3 10
1 4 13 3
— =-+3=— or H3= —
H, 3 3 13
1 4 6 3
— == +4=— or Hy=—.
H, 3 3 16

8
Example: 44 The A.M. of two numbers exceeds the G.M. by 2 and the G.M. exceeds the H.M. byg; find the

numbers.

Solution: Let the numbers be a and b, now using the relation
G’=AH=(G +2) (G—%J:G:S and A=10
i.e. ab=64
also
a+b=20

Hence the two numbers are 4 and 16.
Example:45 Ifn>0, provethat2">1+n+2""
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Solution: Using the relation A.M. > G.M. on the numbers 1, 2, 2%, 23,........... , 2" we have

142422 +....... +2m?

>(1.2.2% 2% ......... 2m )

Equality does not hold as all the numbers are not equal.

n_1 (n=1)n Y\, (n-1)
= >n |2 ? = 2"—=1>n2?

2-1

(n-1)
= 2">1+n2? =2">1+n. \/2”71

Note :

10.
10.1

RO

ARITHMETIC GEOMETRIC PROGRESSION (A.G.P.) :
If each term of a Progression is the product of the corresponding terms of an A.P. and a G.P., then it is called
arithmetic- geometric progression (A. G.P.)
Ex. a,(a+d)r,(a+2d)r?, ...
The general term (n*" term) of an A.G.P. is
=[a+(n-1)d] r?
To find the sum of n terms of an A.G.P. we suppose its sum S, multiply both sides by the common ratio of
the corresponding G.P. and then subtract as in following way and we get a G.P. whose sum can be easily
obtained.
Sh=a+(a+d)r+(a+2d)r’+...[a+(n-1)d] r?
rSn=ar+ (a+d) r2 + ......+ [a+(n-1) d] r"
After subtraction we get
Sn(l1-r)=a+rd+r’d+.dr"-[a+ (n-1)d] r"
After solving

.3, rda-r) [a+ - 1)d:|r

T (l—r) 1-r

and S, = 2, LZ, [ifo<|r| <1]
1-r (1-r)

This is not a standard formula. This is only to understand the procedure for finding the sum of an A.G.P.
However formula for sum of infinite terms can be used directly.

MISCELLANEOUS SEQUENCES
Type-1:
Sequences dealing with Zn:r,Zrz,ZP

r=1 r=1 r=1

n+1)

) -
2) an _ n(n+1)6(2n+1)
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SEQUENCE AND SERIES

)Xo’ [%} =(Zn)

A X
| A DETECTIVE MIND )
" i(aribr)=iariibr
> r=1 r=1 r=1
> ka, =kY a,
> r=1 r=1
Sk=k> 1=kn
> r=1 r=1
- /
Note: (i) Sum of first n odd natural numbers
= zn:(Zr—l)= n?
r=1

(i) If rh term of an A.P.
T.=Ar®+Br?+Cr +D, then
sum of n term of AP is

Sn=Zn:Tr =AZn:r3 +an:r2 +Czn:r +D il
r=1 r=1 r=1 r=1 r=1

Example: Find the sum of the series to n terms whose n'"term is 3n + 2.

3(h+1) n
R

Solution: Sh=2Th=2(3n+2)=32n+22 = 2n= g (3n+7)

10.2 Type-2 (Using method of difference):
If Ty, Ta, T3, are the terms of a sequence then the terms
TZ - T1, T3 = Tz, T4 - T3 ............

Some times this is in A.P. and some times in G.P. For such series we first compute their n' term and then

compute the sum to n terms, using sigma notation.

Example: Find the sum of series.
6+13+22+33+ ....cccceuee n terms

Solution: let S=6+13+22+33+............ +Th
S= 6+13+22+............ + Th14Th }
0= 6+7+9+11+...... =T
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or Th=6+(7+9+11+....)

=6+ [”;1 }=6+ {@(14+2n—4)}

=6+(n—-1)(n+5)=6+n?2+4n-5

To=n?+4n+1

_ Zn:Tn _ n(n+1)(2n+1)+4(n)(n+1)

+n
6 2
n(n+1)[2n+1+4}+n _ n(n+1)[2n+13}+n _ n(n+1)(2n+13)Jrn
2 3 2 3 6

10.3 TYPE - 3 (Splitting the n*" term as a difference of two) :

Here is a series in which each term is composed of the reciprocal of the product of r factors in A.P., the first
factor of the several terms are in A.P.

4 5
+ +
2:4 2.3.5 3.4.6

Example: Find the sum of n terms of the series . and also find sum of infinite

terms (S«)

3, .4 .5 (n+2)
1-2:4 2:3:5 346 n(n+1)(n+3)
3 4 (n+2)’

T1234 2345 7 nnel)(n+2)(n+3)

n’+4n+4 n*+4n+3 1
Tn= n(n+1)(n+2)(n+3) b n(n+1)(n+2)(n+3) ¥ n(n+1)(n+2)(n+3)
__ 1 1
~ n(n+2) n(n+1)(n+2)(n+3)
Now 2= En(nu) < zn(n+1 (n+2)(n+3)

Solution:

11 1 1 1 1 1 1 1 1. 1 1 1
= | S S —— | = |1 ———
2[1 324 35 n n+2} 2[ 2 n+1 n+2}

1 1 1 Coss,
? 5{1-2-3_(n+1)(n+2)(n+3):| S=5tS

10.4 TYPE-4:
Here is a series in which each terms is composed of r factor in A.P., the first factor of the several terms are
in A.P.
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Example: 1-2-3-442-3-4-5+43-4-5-6+..cecuuueee. up to n terms
Solution: To=n(n+1)(n+2)(n+3)
n(n+1)(n+2)(n+3)(n+4) (n—1)(n)(n+1)(n+2)(n+3)
5 - 5
5o l2345
5
2-3:4-5-6 1-2-3-4.5
5 s
3-4-5-6-7_2-3-4-5-6

Tn=

—
w
[l

n(n+1)(n+2)(n+3)(n+4) " (n—=1)(n)(n+1)(n+2)(n+3)
5
n(n+1)(n+2)(n+3)(n+4)
5

—
>S5
1

Sn=T1+T+Ts+...... +T,=

SOLVED EXAMPLES

Tl

Example: 46 (a) [f9+99+999 +...... + upto 49 terms = 10 —49, where A, eN then find the value of A + .

(b) 0.9+0.99+0.999 +...... up to 51 terms = 51—l[1—%J where p, g € N then find the value
p

of p+aq.

Solution: (a) S=9+99+999 +...... + upto 49 terms
$S=10-1+10*-1+10°-1+..... +10%-1
=(10+ 102+ 10% + ...... 10%) - 49

49
5= 10-[10 : 1j—49

A+u=49+9=58
(b) S=0.9+0.99+0.999 +...... up to 51 terms

9 99 999
= —+—+—F..... up to 51 terms
10 100 1000
I S 1, 1
1 10 100 7 10™
1 1 1 1
=51 —+—+—+......
(10 10  10° 10* j
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1 1
10\t 107 1 1
:51——————————:51——(1—10H)

_1 9
10
p+q=60
3 33 333 3333
Example: 47  Find the sum of series —+—+—+———+.....
19 19> 19° 19

. 3 33 333 3333
Solution: S= —+—S+—S+——+...®©
19 19° 19° 19

3] 9 99 999
or S=—| —+—+ —Ey 0
9|19 19> 19

{19 5 75
- SH(EHNJZ(E)Z ...... ](_ ...... wﬂ
o 1%{35 {1%%9J

s=§[
9

1 1 44
Example: 48  If the sum to infinity of the series 3 + (3 + d)i +(3+2d) 4—2 S o is ?, then find d.

Solution: S= 3+(3+d)%+(3+2d)4—12+ ...... 0

1 1 1
= ZS=(3)Z+(3+d)4_2+ ...... 0

Subtracting (2) from (1), we have

3 1 1
—S=3+(d)—=+(d)—=+......0
25=3+(d);+(d)3
d d 4d
=3,_4 =34- = S=4+—
1 3 9
1——
4
Given,
4d 44
4+ —=—
9
4d 8
= —=— = d=2
9 9

g@ KGS

=% NEET|JEE



SEQUENCE AND SERIES

Example: 49  If |[x| <1 then compute the sum

(@) 1+2x+3x*+4x3+......... o0
(b) 1+3x+6x2+10% +............ 0
Solution: (@) S=1+2x+3x>+43 + oo 0 (1)
XS=X+2x2+3x3 + o0

S(1-x)=1+x+x2+x3+.....

1

S(1-x)= —

(1-x) T
1

(1)

(b) S=1+3x+6x>+10x3+......... o0

S=

XS = X+32+6X3+ o, 0

(1=-%)S=1+2x+3x2+4x3+ e, o0

Or by result of equation (1)

1 S= L

(1-x)s= (1_)()2
1

(1-x)

Example: 50 Compute the sum (31)2+(32)*+(33)* + ...... + (50)2

S=

Solution: S=(312) +(322) +(33?) +...... +(r+30)2°+... (50)?
20
0
5= 3 (r+30Y =3+ 60r + 900
r=1 r=1
20><261><41+ 60X20X21+900x20
= 33470

Example: 51  Find the sum to n terms of the series 1 x2x3+2x3x4+3x4x5+ ...
Solution: Ta=n(n+1)(n+2)
Let S, denote the sum to n terms of the given series. Then,

So = 37T =D k(k+1)(k+2)

= zn:(k3 +3K2 +2k)
k=1

(8ol (8
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i} [n(n+1)}2 +3n(n+1€);(2n+1)+2n(n+1)

2 2
= n(n;l){n(n2+1)+(2n+1)+2}
- —"(":1){n2+n+4n+2+4} = n(n:l)(n2+5n+6)
_ n(n+1)(n+2)(n+3)
4

. an+1 In+1 dn+1 .
Example: 52  The sum to n terms of the series 1+ 5( j +9 +13 + o is .

an-3 4n-3 4n-3
. +1
Solution: Let x= , then

4n-3

-4 1 (4n-3)
1-x= oy - ———

4n—-3 1-x 4
X __(4n+1)
1-x 4
S=14+5x+92+....... + (4n=3)x"?
SX=X+5x%+........ (4n-3)x"
S—Sx=1+4x+4x%+ ......... +4x"1 — (4n = 3)x".

4
S(1-x)=1+ 1—X [1 "] - (4n = 3)x"
=X

a4 7
g L 14X an-gn |-_1n=3)

1-x | 1-x 1-x [1-(4n+1)+(4n=3)x" = (4n=3)x"] = n (4n - 3).

Example: 53  Find the sum to nterms of the series 5, 7, 13, 31, 85 + ......

Solution: Successive difference of terms are in G.P. with common ratio 3.
T.=a(3)"'+b
=a+b=5
and3a+b=7 = a=1,b=4
S Th=3""1+4

Sn=ETh=%(3""1+4) =(1+3+3%+....+3"7%) +4n
1
E [3“+8n—1]

Example: 54 Find the sum of n-terms of the series 2.5 +5.8 + 8.11 + ...........
Solution: T,=(3r-1)(3r+2) =9r?+3r-2

Si= 3T =93¢ 433 -3
r=1 r=1 r=1 r=1
1)(2n+1 1
=9 [%J+ 3[@}— 2n=3n(n+1)2-2n
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1 1
+ + +
147 4.7.10 7.10.13

Example: 55 Sum to n terms of the series

1

Solution: Tn =
(3n—2)(3n+1)(3n+4)

_ 1 1 1
6 [(3n—2)(3n+1) _(3n+1)(3n+4)}

5 el e e

Example: 56  Find the general term and sum of n terms of the series
1+5+19+49+101+181+295+ .........

Solution: The sequence of difference between successive term 4, 14, 30, 52, 80 .....
The sequence of the second order difference is 10, 16, 22, 28, ...... clearly itis an A.P.
so let nth term
To=an®*+bn’+cn+d

a+b+c+d =1 (i)
8a+4b+2c+d=5 ... (ii)
27a+9b+3c+d=19 ... (i)
64a+16b+4c+d =49 (1Y)

from (i), (ii), (iii) & (iv)
a=1b=-1,c=0,d=1=> To=n®-n?+1

n(n+1)}2_ n(n+1)(2n+1) R . n(n2 —1)(3n+2)

< +n
2 6 12

sh=2(n*-n%?+1) = [

OO
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