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INTRODUCTION
The word 'trigonometry' is derived from the Greek words 'trigon’
and ' metron' and it means 'measuring the sides and angles of a
triangle'.
Angle :
Angle is a measure of rotation of a given ray about its initial point.
The original ray is called the initial side and the final position of the
ray after rotation is called the terminal side of the angle. The point
of rotation is called the vertex. If the direction of rotation is
anticlockwise, the angle is said to be positive and if the direction of
rotation is clockwise, then the angle is negative.

Initial Side A

Vertex O

%
"77,',79/
Vertex O ;
Initial Side S’O'e
(i) Positive angle
(anticlockwise measurement)

B

(i) Negative angle
(clockwise measurement)

Systems For Measurement of Angles :

An angle can be measured in the following systems.

(1)

Sexagesimal System (British System) : In this system ﬁ of a

of trigonometric functions )

complete circular turn is called a degree(®), 1 of a degree is called
60

a minute (") and L of a minute is called a second ().
60

One right angle = 90°, 1° =60/, 1'=60"

(2) Centesimal System (French System) : In this system ﬁ of a complete circular turn is called a

1
rade(8), —— of a grade
8 100 g

One right angle = 1008; 18 = 100/;

—

is called a minute (‘) and ﬁ of a minute is called a second (“).

1‘=100“

&4 " DETECTIVE MIND

y

The minutes and seconds in the Sexagesimal system are different with the minutes and seconds
respectively in the Centesimal System. Symbols in both systems are also different.
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MATHEMATICS

(3) Circular System (Radian Measurement)
The angle subtended by an arc of a circle whose length is equal to the radius of the circle at the centre
of the circle is called a radian. In this system the unit of measurement is radian ().
As the circumference of a circle of radius 1 unit is 2r , therefore one complete revolution of the initial
side subtends an angle of 2r radian.
More generally, in a circle of radius r, an arc of length r will subtend an angle of 1 radian. It is well-
known that equal arcs of a circle subtend equal angle at the centre. Since in a circle of radius r, an arc

of length r subtends an angle whose measure is 1 radian, an arc of length ¢ will subtend an angle whose

measure is { radian. Thus, if in a circle of radius r, arc of length ¢ subtends an angle 0 radian at the
r

centre, we have 0 = L orf=r0.

X r A B\ A
X v J X | /A

0 = 1 radian 0 =—1 radian 0 = 2 radian 0 = =2 radian
(M (i) (iif) (iv)
A ?
\ 35

‘o DETECTIVE MIND

If no symbol is mentioned while showing measurement of angle, then it is considered to be
measured in radians.
e.g.0 =15 implies 15 radian

Area of circular sector : B

Area -1 r20 sq. units
2 0

Relation between radian, degree and grade :
; radian = 90° = 1008

Trigonometric Ratios for Acute Angles :

Let a revolving ray OP starts from OA and revolves into the position OP, thus tracing out the angle AOP.
In the revolving ray take any point P and draw PM perpendicular to the initial ray OA.

In the right angle triangle MOP, OP is the hypotenuse, PM is the perpendicular, and OM is the base.
The trigonometrical ratios, or functions, of the angle AOP are defined as follows :

mp . Perp. .
—,i.e.,, ——, is called the Sine of the angle AOP;
opP Hyp.
om . Base . P
——,i.e. —, is called the Cosine of the angle AOP;
opP Hyp.
ﬂ, i.e. Perp. , is called the Tangent of the angle AOP; o A
oM Base M
oM . €
-, i.e. , is called the Cotangent of the angle AOP;
P Perp.
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TRIGONOMETRIC RATIOS

2, i.e. Hyp. , is called the Secant of the angle AOP;
oM Base

Hyp.
2, .e. yp , is called the Cosecant of the angle AOP;
MP Perp.

2. BASIC TRIGONOMETRIC IDENTITIES :

(1) sin0+cos®0 =1 -1<sin0 <1; -1<cos® <1 V OeR
(2) sec®0—tan’0 =1 ; |secO| >1 VvV 0eRr
(3) cosec’®0—cot?’0=1 ; |cosecO| >1 v 0eR
3. IMPORTANT TRIGONOMETRIC RATIOS :

(1) sinnt=0 ; cosnm=(-1)" ; tannmt=0 where n €|
(2) sin @z 1) & cos @= 0 where n el

. .0 \/__ 1 5m
(3) sin15° or sin — = = cos75° or cos =— ;

12 22 12
B+1
cos 15° or cos—~ = = sin75° or sin o ;
2 22 12
3-1 3+1
tan15° = \/_ =2—\/§ =cot 75° ; tan75°= ——— = 2+\/§ = cot 15°
w1 B-1
2-2 2+2
(4) sin e s — cos * EN” tan = =2 -1; tan3—n=\/§+1
8 2 8 2 8 8
- 5+1

(5) sin% or sin18°= =cos72° & cos 36° or cos %z \/_4 =sin54°

4, TRIGONOMETRIC FUNCTIONS OF ALLIED ANGLES :
If 6 is any angle,then — 6, 90+ 6, 180+60, 270+ 6, 360 + O etc. are called ALLIED ANGLES.
(1) sin(—0)= —sin®  ;cos(—0)= cosO
(2) sin(90°-0) =cos® ;cos(90°—0) =sin6
(3) sin(90°+0)=cosB ;cos(90°+6) =—sin0O
(4) sin (180°—0) =sinB ;cos (180°—6)=—cosO
(5) sin (180°+6) =—sin®; cos (180°+6) = — cos O
(6) sin(270°-0) =—cos0 ; cos (270°—0) =—sin®
(7) sin(270°+6) =—cos0 ; cos (270°+0) =sin 6

5. TRIGONOMETRIC FUNCTIONS:
(i) y=sinx Domain:x € R
Range :y € [-1, 1]
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MATHEMATICS

(ii) y=cosx Domain:x R
Range:y e [-1, 1]

F N

(i) y = tan x Domain: x € R—{(2n+1)§}, nel

: : ¥ o : :
“ — 2 Y : L ; > X
=3 : : : : 135

2 / : / 12

(iv) y=cotx Domain:x e R—{nn}, nel

Range:y € R
y\
- _x 0 3
2\ 2

(v) y=cosecx Domain:xeR—-{nm}, nel
Range :y € (—oo,— 1] U [1, )

Range:y € R

S1E]

r' 9

.
.

Ya
i
“—omt - i -x Q| =& wmi % 2n sm 3¢ » X
2 2 2 2 2
i
L/

(vi) y = sec x Domain:x € R—{(2n+1)§}, nel

Range:y € (—o,— 1] U [1, )
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Ya
1
——1— A »X
37l of 32 3| =
/\ —1 /\

6. TRIGONOMETRIC FUNCTIONS OF SUM OR DIFFERENCE OF TWO ANGLES :
(1) sin (A £ B) =sinA cosB + cosA sinB
(2) cos (A * B)=cosA cosB ¥ sinA sinB
(3) sin?A —sin?B = cos?B — cos?A = sin (A+B) . sin (A— B)
(4) cos®A —sin®B = cos®B — sin?A = cos (A+B) . cos (A— B)
tanA * tanB
1 F tanA tanB
cotA cotBF1
cotB = cotA

7. TRANSFORMATION FORMULAE :

(5) tan(AxB)=

(6) cot(A+B)=

C+D C-D

(i) sin(A+B) + sin(A — B) = 2 sinA cosB (v) sinC + sinD = 2 sin 3 cos 5
(ii) sin(A+B) — sin(A — B) = 2 cosA sinB (vi) sinC — sinD = 2 cos © ; D sin < X D
(iii) cos(A+B) + cos(A — B) = 2 cosA cosB (vii) cosC + cosD = 2 cos £ ; . cos ¢ ; D
(iv) cos(A — B) — cos(A+B) = 2 sinA sinB (viii) cosC—cosD =2 sin c+D sin D Z_C
SOLVED EXAMPLES
Example: 1 The value of the expression -
sin’y 1+cosy  siny
- == - is equal to -
1+4cosy siny 1-cosy
(1)0 (2)1 (3) siny (4) cosy
_ sinfy  1+cosy siny  1+cosy-sin’y 1-cos’y—sin’y cosy+cos’y
Solution : 1- +— - = +— =——— +0=cosy
l1+cosy  siny  1-cosy 1+cosy siny (1—cosy) 1+cosy
Example:2  If cosec O —sin 0 =m and sec  —cos 0 = n, then (m?n)*3 + (n?m)%3 equals to -
(1)0 (2)1 (3)-1 (4)2
Solution : cosecO—-sinB=m
1 n® cos’ 0 n
m=— —sin0= el
sin® sin©
o sin” 0 (i)
n= —cos 0= (i
cos0 cos0

from (i) and (ii)
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cos’0  sin’0
=sin 0 cos O

mxn=— )
sin® cosO

from (i) cos?’0=m.sin O
orcos’0=msin0®cos®=m.(mn)=m?n
Similarly, sin®> 0 = n?’m

Since, sin?0 + cos’H =1

(n?’m)?3 + (m2n)?3=1

Example : 3 Prove that
(i) sin (45°+ A) cos (45° —B) + cos (45° + A) sin (45° — B) = cos (A —B)

(i) tan (E+9J tan (3—ﬁ+9j =-1
4 4

Solution : (i) Clearly sin (45° + A) cos (45° — B) + cos (45° + A) sin (45° — B)
=sin (45°+ A+ 45° - B) =sin (90° + A—B) = cos (A —B)

3 L
(i) tan (E+9than (_TE*ej _ 1+tanb = 1+tan® -
4 4 1-tan®  1+tan®

15A A

Example : 4 Prove that cos7A + cos8A = 2cos BN cos 3

. 15A A
Solution : L.H.S. cos7A + cos8A = 2cos T cos E

[+ cos C+ cos D =2 cos Q cos ﬂ]
2 2

Example : 5 Find the value of 2sin36 sinb — cos20 + cos46
Solution : 2sin30 sin® — cos20 + cos40 = 2 sin 30 sin O — 2sin30 sinb0 =0

Example : 6 Prove that
sin80cos0—sin60cos360 _
c0s20cos0—sin30sin40

(i) If A+ B=45°then prove that (1 +tanA) (1 + tanB) = 2
25in80cos0—2sin60cos30 _ sin90+sin760—sin96—sin36 _ 2sin20cos56 _

tan 20

Solution : = = tan 20
2c0520cos0—2sin30sin40  cos30+cosO—cosO+cos70  2cos50cos20
(i) A+B=45°
tan (A +B) =1 tanA+tanB -1
1-tanAtanB
tanA + tanB =1 —tanA tanB = tanA+tanB+tanAtanB+1=2
(1 +tanA) (1 +tanB) =2
Example:7  2(sin®0 + cos®0 ) — 3 ( sin®0 + cos®0 ) + 1 is equal to
(1)0 (2)1 (3)-2 (4) None of these
Solution : 2 [ (sin?0 + cos%0 )*> — 3 sin? 0 cos?0 ( sin%0 + cos?0 ) ] —3 [ (sin?0 + cos?0 )2 ] — 2sin%0 cos?0 +1

= 2[1-35sin?0cos?0]-3[1-25in%0 cos’0 ]+ 1= 2—65in?0 cos’0 —3 +65in%0 cos’0 +1 =0

Example : 8 If 3 sin 0 + 4 cos 0 =5 then the value of 4 sin 6 —3 cos O is
(1)0 (2)1 (3)2 (4)3
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Solution : Let4sinO—3cosO=a
Thus we want to eliminate 6 from both 3 sin@ + 4 cos 6 =5 and 4 sin 6 — 3 cos 0 = a, i.e. squaring
and adding these equations. We get (3 sin 0 + 4 cos 0)? + (4 sin 0 — 3 cos 0)?= 25 + a2
95sin 0+ 16 cos? 0 + 24 sin 0 cos 0 + 16 sin? O + 9 cos? 0 — 24 cos 0 sin O = 25 + a2

9+ 16 =25 + a?
or a’=0
a=0

4sinB-3cosB6=0

Example : 9 Ifx=rsinOcos¢,y=rsinOsindandz=rcos0.Then the value of x* + y* + z? is equal to

(1) 2r2 (2) r? (3)0 (4) none of these
Solution : Here

X2 +y%+ 22 =r?sin? 0 cos® ¢ + r’ sin®0 . sin? ¢ + r? cos*0

=r?sin%0 ( cos® ¢ +sin’p ) + r* cos? O = r? sin%0 + r* cos® O = r? ( sin%0 + cos?0) = r?

X2 +y2+2=r2
Example : 10 3 cosec20° - sec 20° is equal to

(1)0 (2)1 (3)2 (4)4

ﬁcos 20° —;sinZOOJ

4
3 1 \/3c0s20°—sin20° ( 2

Solution : — e =

sin20° cos20° sin20°.co0s20° 2sin20°co0s20°
4 (sin60°.cos20° — cos 60°.sin20°) _a sin(60° —20°) _a 'sin40°:
sin40° sin40° sin40°
Example: 11 sin78° —sin66° —sin42° + sin 6° is equal to
(1) 1/2 (2)-1/2 (3)2 (4)-2
Solution : The expression

= (sin78° —sin42°) — (sin 66° — sin6°) = 2cos (60°) sin (18°) — 2 cos 36° . sin 30°

\Ell(ﬁlj 1

=5sin18° — cos36° = (

4 4 2

. . . {a .

Example: 12  Find set of all possible values of ain [ —mt, =] such that : is equal to ( sec o —tan o).
+sina
T T T T T T

)| -,—¢ 2) | =, ¢ S) [ === 4) None of these

()(2 2)()(22j ”(22) (4)
Solution : Clearly. a#+m/2

1-sina .
as seco—tana = .(i)

cosa

,1 sino fl sma |1- 5|noc|:1 sina (i)
1+sina | cos’a | cosa. | |cosal

From (i) and (ii) two expressions are equal onlyifcosa>0,i.e.—nt/2<a<m/2

1-sina

- and sec o —tan o are equal only
1+sina

f@a KGS
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Example : 13

Solution :

Example : 14

Solution :

Example : 15

Solution :

If f(0)=1 + sin [%4— 9) +2cos (%—GJ then the maximum value of f(0) is .
(1)1 (2) 2 (3)3 (4)4
We have 1+ sin(%ﬂ%j +2 cos (%—Oj

1 1
=1+—2 (cose+sin6)+\/§(cose+sin6)=l+[$+\/§j (cos 6 +sin 0)

1 1
=1+ (—+\/§j -ﬁCOS(e—gj The maximum value 1+[—+\/Ej 2=4

2 2
The value of sin 20° sin 40° sin 60° sin 80° is
(1) 3/8 (2)1/8 (3)3/16 (4) none of these
sin 20° sin 40° sin 60° sin 80°
3 3
= %sin20°sin(60°—20°)sin(60°+20°) - %sinzm (sin” 60°—sin’ 20°)
B

3
= —sin20° (——sin2 ZOOJ = £(3sin20°—4sin3 20°) =£sin60° = ﬁ ﬁ 3
2 4 8 8 8 2 16

Value of sin600°

Ve

sin(3(180°)+60°) =—sin60°=—7

OO

8. MULTIPLE ANGLES AND HALF ANGLES :

(1) sin 2A =2 sinA cosA ; sinGzZsin%cosg

(2) cos2A = cos?A —sinA=2cos’A—1=1-2sin’A;

cos O = cos? o_ sin? 9. 2cos29 AN 25in29 .
2 2 2 2
2 cos’A=1+cos2A, 2sinA=1—cos 2A ; tan’A = Ll
1+cos2A

2COSZS =1+cos0, Zsinzg =1—cosH.

(3) tan 2A =

(4) sin2A =

2tanA o< 2 tan(0/2)
1-tan*A ' 1 - tan”(6/2)
2 tanA 1—tan’A
——— , Cos2A= —
1+tan"A 1+tan"A

(5) sin3A=3sinA—4sin®A
(6) cos 3A =4 cos*A—3 cosA

(7) tan3A =

3tanA —tan®*A
1-3tan*A

9. THREE ANGLES:
(i) sin (A+ B + C) =sin A cos B cos C + sin B cos A cos C + sin C cos A cos B—sin A sin Bsin C

() KGS
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(ii) cos (A+ B + C) = cos A cos B cos C— cos A sin B sin C—sin A cos B sin C—sin A sin B cos C
tan A + tanB + tanC —tan A tanB tanC

1 — tanA tanB— tanB tanC— tanC tan A

(iii) tan(A+B+C) =

—
/) DETECTIVE MIND
R £an (01 + 0+ B + ..ovo + By) = 2122 T35

where S; denotes sum of product of tangent of angles taken i at a time

10. CONDITIONAL IDENTITIES:
IfA+B+C=mnthen:
(i) sin2A +sin2B + sin2C = 4 sinA sinB sinC

(ii) sinA +sinB +sinC=4 cos% cos & cosE
(iii) cos2A+cos2B+cos2C=—1—-4cos AcosBcos C
(iv) cosA+cosB+cosC=1+4sin A sinE sin G
2 2 2
(v) tanA +tanB + tanC = tanA tanB tanC
(vi) tanA tan E+tanE tanE +tanE tanA =1
2 2 2 2 2

(vii) coté +cot§ +cotE =coté.cotE.cotE
2 2 2 2 2 2

(viii) cot AcotB+cotBcotC+cotCcotA=1
(ix) A+B+C= g,thentanAtanB+tan BtanC+tanCtanA=1

11. SINE AND COSINE SERIES:

NP _
(i) sino+sin (o + B) +sin (o +2P) +...... +sin{o + (n—1) B} =Smg sin (oc + n . 1 Bj

smj

. sin™P n-1
(i) cosa +cos(a+pP)+cos(a+2B)+..+cos{a + (n—1) B} = 2 cos| o + 5 B

sin%
where: B #2mn, m € 1
12. PRODUCT SERIES OF COSINE ANGLES
cos 0. cos 20 . c0s220 . cos230 ...... cos2h—1g = sin270
2"sin®
13. MAXIMUM & MINIMUM VALUES OF TRIGONOMETRIC FUNCTIONS:
(1) Min. value of a’tan?0 + b%cot?0 = 2ab where 8 e R

(2) Max. and Min. value of acos0 + bsin® are+/a> +b®> and —+/a® +b?
(3) Iff(6) = acos(a + 0) + bcos(P + 0) where a, b, o and B are known quantities then

- \/az +b® +2abcos(o.— ) < f(0) < \/az +b® +2abcos(o.—B)

(4) If A, B, C are the angles of a triangle then maximum value of
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sinA + sinB + sinC and sinA sinB sinC occurs when A =B = C = 60°
(5) In case a quadratic in sinB or cosO is given then the maximum or minimum values can be interpreted by
making a perfect square.

SOLVED EXAMPLES

Example : 16  If cos 2x + 2 cos x = 1, then sin?x ( 2—cos?x) is equal to

(1)2 (2)1 (3)3 (4)4
Solution : Here, cos 2x+2 cosx=1

= 2cosx-1+2cosx—1=0

= cos’x+cosx-1=0

~1+45 —1—\/5]
2

, heglecting A

or CcosXx=

as—1< cosx < 1and[

cos? x = (\/g_ljz = 6-25 —3-.5

2 4

sin?x (2 —cos’x) = [1—3_2\/§j (2—3_\5} = [Ej[\/§+lJ =

2 2 2

_1_\/§] <-1
2

o o

Example:17 sin 67% + cos67% is equal to

(1) %\/4+2\/E (2) %\/4—2\15 (3) —%\/4+2\/E (4) %\/—4+2\/5
o o 1

Solution : sin67% +cos67% = yJ1+sin135°= /1+$ (using cosA + sinA = J1+sin2A )
:%«/4+2»\/§ (i)

T 37 51 n
Example: 18 The value of (1+cos§J (1+cos?) (1+cos?j (1+cos?j is

1+2

1 b 1
(1) > (2) cos 5 (3) 3 (4) 22

] T 3n 3n T
Solution : l1+cos— ||1+cos— || 1+cos| m—— 1+cos| m——
8 8 8 8

=|1+cos™ 1+c053—7c 1—c053—Tc 1—cosZ |=|1-cos?E 1—c0523—7c

8 8 8 8 8 8
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Example : 19

Solution :

Example : 20

Solution :

Example : 21

Solution :

=1 2—1—cosE 2—1—cos3—Tc _1 1—cosE l—cosa—Tc
4 4 4 4 4 4

flbeg2l

T 3n 5n 7m or .
The value of cosH+cos—+cos—+cos—+cosl— IS

(1)0 (2)1 (3) % (4) None of these
M e +(n-1)B
Use cos o + cos(a + B) + cos (o + 2B)+...+ cos (a+n—1B) = B cos
sin— 2
Here o = i,B=2—n n=>5
sin(llolnx;) 2£+8£ sin[Snjcos(SRJ
cos| 1111 |_ 11 11
C(2n 1 2 (T
SIN| —X— sin| —
11 2 11
sin lu sin| T——
1 1)] 1 1| sin— 1
sin| - 2 sin— 2 sin” | 2
1
cos* = + cos? W cos* 2T + cos? Vo equals to -
8 8 8 8
(1) 1/2 (2)1/4 (3) 3/2 (4)3/4
_ 4 T 4 3T 4 5T 4 7 _ 4 3T 2 37T 4T
= cos* — + cos* = + cos* =—— + cos = cos? + cos* == +cos* == + cos* =
8 8 8 8 8

n
8
s 431 . Z
=2 | cos —+cCos 2cos’ = | +|2cos® =—
8 8 8

1 o) 2 1 R 3
= =||1+cos— (1+cos— == -—=| |=Z[2+1]==

2 4 2 ﬁ 2 2

IfA+B+C—7 then cos 2A + cos 2B + cos 2C =

(1)1 -4 cosAcosBcosC (3)4sinAsinBsinC
(3)1+2cosAcosBcosC (4)1-4sinAsinBsinC
cos 2A + cos 2B + cos 2C

=2cos (A + B) cos (A —B) + cos 2C

3%
=2 cos T_C cos(A-B)+cos2C -~ A+B+C==

@a KGS
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=-2sinCcos (A—B)+1—2sin?C=1-2sin C [cos (A—B) + sin C)
3
=1-2sinC {cos (A—B)+sin(7n—(A+B)ﬂ =1-2sin C [cos (A—B)—cos (A + B)]

=1-4sin AsinBsinC

Example:22 In any triangle ABC, sin A—cos B = cos C, then angle B is -

(1) = (2) = (3) = (4) =
2 3 4 6
Solution : We have, sin A—cos B=cos C

sin A=cos B+ cosC

A A B+C B-C A A n—A B-C
2sin— cos — =2cos cos = 2sin — cos —=2 cos cos
2 2 2 2 2 2 2

A+B+C=mx

2 sin Acosé=2$inA cos (;j = COos A=cosE or A=B-C
2 2 2 2 2 2

ButA+B+C=mx

Therefore 2B=1 = B =1/2

Example:23 tan 9°—tan27° —tan 63° + tan 81° is equals to -

(1)0 (2)1 (3)-1 (4) 4
Solution : tan 9° + tan 81° — (tan 27° + tan 63°)
(tan 9° + cot 9°) — (tan 27° + cot 27°)
~ sin 92 3 cos 92 sin 279 \- cos 272 | 1 1
~ lcos92 sin9e cos272 sin272 |  sin92 cos9?  cos272 sin27°
2 7 W e 754 2><4_8 J5+1-5+1] 16 4
sin18 sin 54° sin 18°  cos 36° \/g—l \/§+1 (\/g—l)(«/§+1) 4
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