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Definition

4 )
When an algebraic or numerical expression is expressed in a square form containing some rows

and columns, this square form is named as a determinant of that expression. For example when
expression aibz — azb1 is expressed in the form
ap b1|
a; byl
Then it is called a determinant of order 2, Clearly a determinant of order 2 contains 2 rows and 2

columns.

Similarly
a; by ¢
a, b, cy,|isadeterminant of order 3.
az bz c3

Obviously in every determinant, the number of rows and columns are equal and this number is

called the order of that determinant.
\§ J

Representation of a Determinant
4 )

Generally we use A or |A| symbols to express a determinant and a determinant of order 3 is

represented by

di1  dqz  d13
dz1 dzz dz3
dz; dzz dzz
It should be noted that the (i, j)th element (i.e., the element of the i"" row and jth column) of the

determinant has been expressed by aj, | = 1,2, 3, ;j =1, 2, 3. The elements for which | = j are called
diagonal elements and the diagonal containing them is called principal diagonal or simply diagonal
of the determinant. For the above determinant as1, a2, as3 are diagonal elements.

A determinant is called a triangular determinant if its every element above or below the diagonal is

zero, then it is called a diagonal determinant. For example

a 0 O
b ¢ 0
d e f

Is a triangular determinant. In particular when all the elements except diagonal elements are zero,

For example

a 0 o0
0 b 0
0 0 c
is a diagonal determinant
We generally use Ry, Rz, Rs, ....... to denote first, second, third .....row and Cs, C3, Cs ........ to denote
first, second, third ........ of a determinant.
- J
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Value of a Determinant
( )
The expression which has been expressed in a determinant form is called the value of that

determinant. To find the value of a third order determinant

411 3412 a13
dz1 dzz Qdz3
dz; dzz dszsz
be a third order determinant. To find its value we expand it by any row or column as the sum of three

Let A=

determinants of order 2. If we expand it by first row then

dzz dzz dz1 dp3 dz1 dp
A= (-1)**ay, | |+ (D)%, | |+ (113 |

dzz dz3 dz; 4azs dz; az
- |322 a23| —ay, |321 a23| |a21 322|
dzz dzs dz; dz3 dz; dszp
|\ J

Minor and Cofactor of an Element

Minor of an Element
Minor of an element of the determinants is obtain by leaving the row and column containing that

element and retaining rest of elements.

411 A1z s dzp dz3 dzq1 4dz3
If A=|az1 azz az3|, then minor of ay1is My; = | | Similarly My, = | |
dzz dz3 dz1 ds3
dzy; dzz asz
Using this concept the value of Determinant can be
A=a;1My; —a;pMy; +a3M;y3
Or A= —ay;My; + ap;Mp; — a3Ma;
Or A= a3g;M3; — a3;Ms; + azsMs;
. J
Cofactor of an Element
s N

The cofactor of an element aj is denoted by C;j and is equal to (=1)' *J M; where M is a minor of

element aj
411 dgp di3
If A=[a21 azz az3
dz1 dzz ds3
dzz dps
Then C; = (=DM, =M =| |
11=0C1 11 11 a3, as3
dz1  dpz3
Ciz = (—1)**?My, = —My, = — | |
12 = (1) 12 12 a3; a3z

Note: () The sum of products of the element of any row with their corresponding cofactor is
equal to the value of determinant i.e. A= a;;C;; +a;,C4 + a;3Cq3
(i)  The sum of the product of element of any row with corresponding cofactor of another
row is equal to zero i.e. a;;Cy; +a13Cy5 +213C3 =0
(iii) If order of a determinant (A) is 'n’ then the value of the determinant formed by replacing
every element by its cofactor is A" 1

2|Page




Properties of Determinants

If the elements of a determinant are complicated expressions or numbers, then it is very difficult to
find its value by expansion method. In such cases we reduce the determinant into a simple one
using the following properties.

(i) the value of a determinant is unchanged if its rows and columns are interchanged. For example

a b c a p u
p q r|=|[b q v
u v w cCr w

(ii) The interchange of any two consecutive rows or column will simply change the sign of the value

of the determinant. For example

a b c b a c p q r

p q r|=—|q p r[=-]a b ¢

u v ow V u w u v ow

(iii) If any two rows or columns of a determinant are identical then its value is zero. For example
a b c a a b

a b c|=0=p p ¢q

u v w u u v

(iv) If each element of a row or column of a determinant be multiplied by a number, then its value

is also multiplied by that number. For example

ka kb kc a b c ka b ¢
p q r|=klp q r[{=lkp q r
u v w u v w ka v w

(v) If each entry in a row or column of a determinant is the sum of two numbers, then the

determinant can be written as the sum of two determinants. For example

at+a b+ c+y a b c a B vy
p q r |=|p q r|{+|p q rland
u \% w u v w u v w
at+a b c a b c a b vy

p+B q rf=fp q r|+|B q T

ut+ty v w u v w ly v w

(vi) The value of a determinant does not change if the elements of a row (column) are added to or

subtracted from the corresponding elements of another row (column). For example

a b c at+ab+pBc b c
p q r|=[(ptag+Pr q r
u v w u+av+pfw v w

(vii) If A= f(x) and f(a) = O, then (x — a) is a factor of A. For example in the determinant

1 1 1 1 1 1
A=|a b c|ifwereplaceabybthenA=[b b «¢|[=0
a2 b2 C2 b2 b2 CZ

= (a —b) is a factor of A.
(viii) If each entry in any row (or column) of a determinant is zero, then the value of determinant is

equal to zero.

- )
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Multiplication of Two Determinants

Multiplication of two second order determinants is defined as follows
a; b; £, my a;?y +byf, aymg; +bym,

a, bz‘ £, m, a,?; +by,f, a,m; +b,m,

Multiplication of two third order determinants is defined as follows

a; by 1 my ng a;fy +byfy +c1f3 ajm; +bymy, +cymsy  a;ng +byn, + cyn;
a, by, c¢q|Xx|f; my ny|=|ayf; +byfy+cyf3 a,m; +bym,+cyms ang + byn, +c3ng
az by c3 f3 m3; nj az?; + bgf, + c3f3 azmg; +bym, + csmg  asn, + bsn, + c3ng

Note: In above case the order of Determinant is same, if the order is different then for there
multiplication first of all they should be expressed in the same order

Symmetric & Skew Symmetric Determinant

Symmetric determinant
A determinant is called symmetric Determinant if for its every element.
aj = a; v i,j ;
Note: (i) Every skew symmetric diagonal element of a skew symmetric determinant is always zero
(i) The value of a skew symmetric determinant of even order is always a perfect square and
that of odd order is always zero.

i.e. (order = 2) i.e. (order = 3)

Applications of Determinant

Crammer’s Rule:

Let the system of equations be
aix + by + ¢iz = d;

axx + by + oz = ds

asx + bsy + csz = ds

a; by ¢ d, b; ¢ a; di ¢ a; by d;
and A= do bz C3|, A1= dz bz C3|, A2= do dz Cal, A3= do b2 dz
az bz c3 d; by c3 az d;z c3 az by d;

then (i) If A+ 0, then given system of equations is consistent i.e. has unique solution and its solution

is

This is known as Crammer’s rule

(i) If A= 0 and atleast one of A, A,, A; is not zero, then the system of equations is inconsistent
i.e. it has no solution.

(iii) If A= 0 and A;= 0 = A,= A3, then the system has infinite solutions.

(iv) If A= 0 and d; = 0 = d, = d3, then the system of equations has infinite solutions (non-zero
solution) i.e. non-trivial solutions
(V) If A+ 0and d; = 0 = d, = ds, then the system of equations has a unique solution x = 0,y =

0,z = 0i.e., zero solution or trivial solution.
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Differentiation of a Determinant

£ g0 )
Let A(x) = |f2(x) 82(x) ha(x)|,
f3) g3(x) h3(®)
H'® 8'® hi® f1(x) g1(x) hi(x) ) g1(x® hE)
then A'(x) = |f,(x) g1 (®) h®)|+|[2E) g h'M|+|RE 8(&) hX)
300 8 hi®)| [(E gE hE)| |[BE'® g'® h'
Integration of Determination
fx) gx) h®x)
LetA(x) =| p q r |, wherep, g, r, ¢, m and n are constants.
£ m n
*fydx [Pgdx  [Thx)d
Then [ A(x)dx = L (px) x o ggx) x f.") *
? m n

Use of Summation

ror? o Feal Zhar? Bi,r’
Iff(r)=|p q t| wherep,q, tare constants, then Y1 f(r) =| p q t
1 2 3 1 2 3
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   |     a 1   b 1    a 2   b 2 |


   |     a 1   b 1   c 1    a 2   b 2   c 2    a 3   b 3   c 3 |


   |     a 11   a 12   a 13    a 21   a 22   a 23    a 31   a 32   a 33 |


   |    a  0  0   b  c  0   d  e  f |


   |    a  0  0   0  b  0   0  0  c |


  ∆ =  |     a 11   a 12   a 13    a 21   a 22   a 23    a 31   a 32   a 33 |


  ∆ =    ( − 1 )  1 + 1  a 11  |     a 22   a 23    a 32   a 33 | +    ( − 1 )  1 + 2  a 12  |     a 21   a 23    a 31   a 33 | +    ( − 1 )  1 + 3  |     a 21   a 22    a 31   a 32 |


  =  a 11  |     a 22   a 23    a 32   a 33 | −  a 12  |     a 21   a 23    a 31   a 33 | +  |     a 21   a 22    a 31   a 32 |


  ∆ =  |     a 11   a 12   a 13    a 21   a 22   a 23    a 31   a 32   a 33 |


   M 11 =  |     a 22   a 23    a 32   a 33 |


   M 12 =  |     a 21   a 23    a 31   a 33 |


  ∆ =  a 11  M 11 −  a 12  M 12 +  a 13  M 13


  ∆ = −  a 21  M 21 +  a 22  M 22 −  a 23  M 23


  ∆ =  a 31  M 31 −  a 32  M 32 +  a 33  M 33


  ∆ =  |     a 11   a 12   a 13    a 21   a 22   a 23    a 31   a 32   a 33 |


   C 11 =    ( − 1 )  1 + 1  M 11 =  M 11 =  |     a 22   a 23    a 32   a 33 |


   C 12 =    ( − 1 )  1 + 2  M 12 = −  M 12 = −  |     a 21   a 23    a 31   a 33 |


  ∆ =  a 11  C 11 +  a 12  C 12 +  a 13  C 13


   a 11  C 21 +  a 12  C 22 +  a 13  C 23 = 0


   ( ∆ )


   ∆  n − 1


   |    a  b  c   p  q  r   u  v  w | =  |    a  p  u   b  q  v   c  r  w |


   |    a  b  c   p  q  r   u  v  w | = −  |    b  a  c   q  p  r   v  u  w | = −  |    p  q  r   a  b  c   u  v  w |


   |    a  b  c   a  b  c   u  v  w | = 0 =  |    a  a  b   p  p  q   u  u  v |


   |    ka  kb  kc   p  q  r   u  v  w | = k  |    a  b  c   p  q  r   u  v  w | =  |    ka  b  c   kp  q  r   ku  v  w |


   |    a + α  b + β  c + γ   p  q  r   u  v  w | =  |    a  b  c   p  q  r   u  v  w | +  |    α  β  γ   p  q  r   u  v  w |


   |    a + α  b  c   p + β  q  r   u + γ  v  w | =  |    a  b  c   p  q  r   u  v  w | +  |    α  b  γ   β  q  r   γ  v  w |


   |    a  b  c   p  q  r   u  v  w | =  |    a + α b + β c  b  c   p + α q + β r  q  r   u + α v + β w  v  w |


  ∆ = f ( x )


  ∆


  ∆ =  |    1  1  1   a  b  c    a 2   b 2   c 2 |


  ∆ =  |    1  1  1   b  b  c    b 2   b 2   c 2 | = 0


  ⟹


  ( a − b )


   |     a 1   b 1    a 2   b 2 | ×  |     ℓ 1   m 1    ℓ 2   m 2 | =  |     a 1  ℓ 1 +  b 1  ℓ 2   a 1  m 1 +  b 1  m 2    a 2  ℓ 1 +  b 2  ℓ 2   a 2  m 1 +  b 2  m 2 |


   |     a 1   b 1   c 1    a 2   b 2   c 1    a 3   b 3   c 3 | ×  |     ℓ 1   m 1   n 1    ℓ 2   m 2   n 2    ℓ 3   m 3   n 3 | =  |     a 1  ℓ 1 +  b 1  ℓ 2 +  c 1  ℓ 3   a 1  m 1 +  b 1  m 2 +  c 1  m 3   a 1  n 1 +  b 1  n 2 +  c 1  n 3    a 2  ℓ 1 +  b 2  ℓ 2 +  c 2  ℓ 3   a 2  m 1 +  b 2  m 2 +  c 2  m 3   a 2  n 1 +  b 2  n 2 +  c 3  n 3    a 3  ℓ 1 +  b 3  ℓ 2 +  c 3  ℓ 3   a 3  m 1 +  b 3  m 2 +  c 3  m 3   a 3  n 1 +  b 3  n 2 +  c 3  n 3 |


  ∆ =  |     a 1   b 1   c 1    a 2   b 2   c 3    a 3   b 3   c 3 |


   ∆ 1 =  |     d 1   b 1   c 1    d 2   b 2   c 3    d 3   b 3   c 3 |


   ∆ 2 =  |     a 1   d 1   c 1    a 2   d 2   c 2    a 3   d 3   c 3 |


   ∆ 3 =  |     a 1   b 1   d 1    a 2   b 2   d 2    a 3   b 3   d 3 |


  ∆ ≠ 0


  x =    ∆ 1 ∆ ,   y =    ∆ 2 ∆ ,   z =    ∆ 3 ∆


  ∆ = 0


   ∆ 1 ,    ∆ 2 ,    ∆ 3


  ∆ = 0


   ∆ 1 = 0 =  ∆ 2 =  ∆ 3


  ∆ = 0


   d 1 = 0 =  d 2 =  d 3


  ∆   ≠ 0


   d 1 = 0 =  d 2 =  d 3


  ∆  ( x ) =  |     f 1 ( x )   g 1 ( x )   h 1 ( x )    f 2 ( x )   g 2 ( x )   h 2 ( x )    f 3 ( x )   g 3 ( x )   h 3 ( x ) |


   ∆ ′  ( x ) =  |     f 1 ′ ( x )   g 1 ′ ( x )   h 1 ′ ( x )    f 2 ( x )   g 1 ( x )   h 2 ( x )    f 3 ( x )   g 3 ( x )   h 3 ( x ) | +  |     f 1 ( x )   g 1 ( x )   h 1 ( x )    f 2 ′ ( x )   g 2 ′ ( x )   h 2 ′ ( x )    f 3 ( x )   g 3 ( x )   h 3 ( x ) | +  |     f 1 ( x )   g 1 ( x )   h 1 ( x )    f 2 ( x )   g 2 ( x )   h 2 ( x )    f 3 ′ ( x )   g 3 ′ ( x )   h 3 ′ ( x ) |


  ∆  ( x ) =  |    f ( x )  g ( x )  h ( x )   p  q  r   ℓ  m  n |


  ℓ


    ∫ a b  ∆ ( x ) dx =  |      ∫ a b  f ( x ) dx    ∫ a b  g ( x ) dx    ∫ a b  h ( x ) dx   p  q  r   ℓ  m  n |


  f  ( r ) =  |    r   r 2   r 3   p  q  t   1  2  3 |


    ∑  r = 1 n  f ( r ) =  |      ∑  r = 1 n r    ∑  r = 1 n   r 2      ∑  r = 1 n r 3   p  q  t   1  2  3 |

